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Using the generalized characteristic analysis method, we study the two-
dimensional Riemann problem for scalar conservation laws, which is nonconvex
along the y direction, and interactions of its elementary waves, give the classiﬁcation
of initial discontinuities and construct all Riemann solutions, which Riemann data
are two or three pieces of constants. All kinds of Guckenheimer structure appear
in the solutions and the necessary and sufﬁcient condition of appearance of it is
given. # 2002 Elsevier Science (USA)1. INTRODUCTION
Consider scalar conservation laws in two space dimensions
ut þ f ðuÞx þ gðuÞy ¼ 0; ð1:1Þ
where f ðuÞ; gðuÞ satisfy the conditions
(1) f ðuÞ; gðuÞ 2 C3ðR1Þ;
(2) f 00ðuÞ=0; ðu u0Þg00ðuÞ > 0;
(3)
g00ðuÞ
f 00ðuÞ
 0
=0;
and the Riemann problem
uð0; x; yÞ ¼ u0ðyÞ ð04y42pÞ; ð1:2Þ
where y is a polar angle in the ðx; yÞ-plane and u0ðyÞ is a piecewise constant
function. Conditions (1)–(3) mean that the system is the genuinely two-
dimensional scalar conservation laws, i.e. mf ðuÞ þ ngðuÞ has at most one
inﬂection point for any ﬁxed direction ðm; nÞ; and nonconvex along the y
direction, u ¼ u0 is an inﬂection point of gðuÞ: For the sake of deﬁniteness239
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WANCHENG SHENG240and simplicity, we might assume
f ðuÞ; gðuÞ 2 C3ðR1Þ; f 00ðuÞ > 0; ug00ðuÞ > 0;
g00ðuÞ
f 00ðuÞ
 0
> 0 ðHÞ
as well. The existence and uniqueness theorem of the Cauchy problem for
system (1.1) in [3, 6] implies that the unique Riemann solution depends only
on ðx; ZÞ ¼ ðx=t; y=tÞ and takes the form u ¼ uðx; ZÞ; since (1.1) and (1.2) are
invariant under the dilation ðt; x; yÞ ! ðct; cx; cyÞ ðc > 0Þ: Therefore, we can
takes into account the solutions in the ðx; ZÞ-plane. At this moment, (1.1)
becomes
xux  ZuZ þ f ðuÞx þ gðuÞZ ¼ 0; ðx; ZÞ 2 R
2; ð1:3Þ
and (1.2) is reduced to the boundary value at inﬁnity
lim
tg y¼x=Z;x2þZ2!þ1
uðx; ZÞ ¼ u0ðyÞ; y 2 ½0; 2p: ð1:4Þ
The discontinuities of u0ðyÞ will yield waves consisting of the elementary
ones, rarefaction wave and shock wave (including half-contact disconti-
nuity), in the neighborhood of the inﬁnity in the ðx; ZÞ-plane. Therefore, the
substance of construction of the Riemann solution to (1.3) and (1.4) is to
study how the elementary waves interact with each other and match
together ﬁnally.
Lindquist and Wagner [8, 9] studied the Riemann problem (1.2) for
system (1.1) with Riemann data taking four constant values in each
quadrants in the initial plane under the assumption that f ðuÞ ¼ gðuÞ and
f 00ðuÞ > 0; which is, in [1, 11], relaxed to
f ðuÞ; gðuÞ 2 C3ðR1Þ; f 00ðuÞ > 0; g00ðuÞ > 0;
f 00ðuÞ
g00ðuÞ
 0
> 0: ðAÞ
The authors in [2] studied Riemann problem (1.1) and (1.2) with u0ðÞ taking
three constant values in three fan domains in the initial plane under the
above assumption (A). All the solutions in [1, 2, 8, 9, 11] are obtained by
solving locally the interactions of elementary waves at their intersection
points and then extending the solution step by step and ﬁnally matching
together at the singular points of these waves. In 1975, Guckenheimer [4]
gave an interesting example in which f ðuÞ ¼ u2=2; gðuÞ ¼ u3=2 and u0ðÞ
takes 0; 1;1; in three given fan domains, and his solution contains a special
structure, which is called the Guckenheimer structure in [10]. The three
initial discontinuities result in three shocks, respectively, a shock splits to
one centered rarefaction wave and one shock wave somewhere, before it
TWO-DIMENSIONAL RIEMANN PROBLEM 241intersects with other shocks. In 1986, Hsiao and Klingenberg [5] constructed
the Riemann solutions for the system, in which f ðuÞ ¼ u2=2; gðuÞ ¼ u3=2;
but the Guckenheimer structure did not appear in their solutions. In 1999,
Zhang and Zhang [10] developed a generalized characteristic analysis
method, and under assumption (A), they constructed the Riemann solutions
and gave the necessary and sufﬁcient conditions for appearance of the
Guckenheimer structure, but f ðuÞ ¼ u2=2; gðuÞ ¼ u3=2 do not satisfy
condition (A).
Condition (A) is covered in conditions (1)–(3), when we only consider the
case u > 0:
In the present paper, under assumption (H), we give the classiﬁcation of
initial discontinuities, study the simple interactions and the Guckenheimer
interactions of the elementary waves and construct all Riemann solutions,
whose Riemann data are two or three pieces of constants. All kinds of
Guckenheimer structure appear in the solutions.
This paper is organized as follows: In Section 2, we present some
preliminary knowledge, give the singularity curves of characteristics and
discontinuities and the classiﬁcation of initial discontinuities. In Section 3,
we study the interactions of elementary waves and construct all Riemann
solutions, which contain the Guckenheimer structure.
2. PRELIMINARIES
2.1. Characteristics and Their Singularity Curve
For smooth solutions, Eq. (1.3) can also be written as
ðf 0ðuÞ  xÞux þ ðg0ðuÞ  ZÞuZ ¼ 0: ð2:1Þ
Thus, the characteristic equation of (1.3) is
dZ
dx
¼
Z g0ðuÞ
x f 0ðuÞ
;
duðx; ZðxÞÞ
dx
¼ 0:
8><
>: ð2:2Þ
Integrating this system, we obtain the characteristic lines
Z g0ðuÞ
x f 0ðuÞ
¼ k; u ¼ C; ð2:3Þ
where k and C are arbitrary constants. The projection of the above
characteristic lines on the ðx; ZÞ-plane is also called the characteristic lines.
FIG. 1.
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points ðx; ZÞ ¼ ðf 0ðuÞ; g0ðuÞÞ of the integral curve of (2.2). These singular
points correspond to the characteristic lines, carrying u; of the form
x ¼ f 0ðuÞt;
y ¼ g0ðuÞt:
(
ð2:4Þ
Because of the singularity of the Riemann data (1.2) at the origin, each of
these lines is an edge of a characteristic plane. We orient every characteristic
line on which u take the value u1 to point towards the singular point ðx; ZÞ ¼
ðf 0ðu1Þ; g0ðu1ÞÞ ¼
4 A1 in ðx; ZÞ-plane (see Fig. 1). The set of all singularity
points of (2.3) is a curve
GðuÞ:
x ¼ f 0ðuÞ
Z ¼ g0ðuÞ
(
ð15u5þ1Þ ð2:5Þ
with u as a parameter, which is called the singularity curve of characteristics
[10, 11], denoted by GðuÞ or Z ¼ ZGðxÞ: Furthermore, it has the following
properties.
Lemma 2.1. Under condition ðHÞ; the singularity curve of the character-
istics GðuÞ : Z ¼ ZðxÞ; is convex and ðx; ZÞ ¼ ðf 0ð0Þ; g0ð0ÞÞ¼4 A0 is the minimal
point (see Fig. 1).
Proof. From condition (H) and the deﬁnition of GðuÞ; we have
dZ
dx
¼
g00ðuÞ
f 00ðuÞ
> 0 ð50Þ; u > 0 ðu50Þ
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d2Z
dx2
¼
g00ðuÞ
f 00ðuÞ
 0du
dx
¼
g00ðuÞ
f 00ðuÞ
 0
1
f 00ðuÞ
> 0;
which follows the result of this lemma. ]
From this lemma, we know that there is a one-to-one corres-
pondence between GðuÞ and u-axis, and u carried by a characteristic line
can be deﬁned by the interaction point of the characteristic lines with the
singularity curve GðuÞ: Therefore, we can regard GðuÞ as the u-axis when
there is no confusion. If all the characteristic lines will never intersect each
other until they meet the singularity curve GðuÞ; we call it a rarefaction wave,
denoted by R:
2.2. Discontinuities and Their Singularity Curve
Consider discontinuous solutions of (2.1) and (2.2); let S : Z ¼ ZðxÞ
be a discontinuity with u and uþ as the limit values of u on its two
sides, then it follows that the Rankine–Hugoniot (R–H) relation should take
the form
dZ
dx
¼
Z g0þ;
x f 0þ;
; ð2:6Þ
where
f 0þ; ¼
f ðuþÞ  f ðuÞ
uþ  u
; g0þ; ¼
gðuþÞ  gðuÞ
uþ  u
;
and in the following, the point ðx; ZÞ ¼ ðf 0þ;; g
0
þ;Þ will be denoted by Aþ: It
follows from the R–H relation (2.6) that the tangent line of S at a point, say
P ðx0; Z0Þ; must pass through the point ðx; ZÞ ¼ ðf
0
þ;; g
0
þ;Þ: Thus, we orient
the tangent vector of S to point towards ðx; ZÞ ¼ ðf 0þ;; g
0
þ;Þ similar
to orienting characteristic lines, or simply say that S points towards
ðx; ZÞ ¼ ðf 0þ;; g
0
þ;Þ:
Similar to the singularity curve of characteristics, the integral curve of
(2.6) also has its own singular point ðx; ZÞ ¼ ðf 0þ;; g
0
þ;Þ: If we ﬁx the state
u on one side of S and let the state u on the other side change, then all
singularity points consist of
GSðu; uÞ:
x ¼ f 0u;u
Z ¼ g0u;u
(
ð15u5þ1Þ ð2:7Þ
FIG. 2.
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denoted by GSðu; uÞ or Z ¼ ZGS ðxÞ:
It also has similar properties to those of the singularity curve of
characteristics.
Lemma 2.2. For any fixed u1 2 R; the singularity curve GSðu; u1Þ : Z ¼
ZGS ðxÞ enjoys the following properties (see Fig. 2):
(1) It has a minimum point ðx; ZÞ ¼ ðf 0*u;u1 ; g
0
*u;u1 Þ; where *u ¼ *uðu1Þ satisfy-
ing g0ð *uÞ ¼ g0*u;u1 ¼ ðgð *uÞ  u1Þ=ð *u  u1Þ; and u1 *u50:
(2) It is convex.
(3) It is located above GðuÞ; i.e., ZGS ðxÞ5ZGðxÞ and the equal sign holds if
and only if at x ¼ f 0ðu1Þ; and is tangential to the singularity of characteristics
GðuÞ at the point Gðu1Þ ¼ ðf 0ðu1Þ; g0ðu1ÞÞ:
(4) For any u15u2; there exists a unique intersection point GSðu2; u1Þ ¼
GSðu1; u2Þ ¼ ðf 02;1; g
0
2;1Þ ¼ A12 for GSðu; u1Þ and GSðu; u2Þ and
f 0ðu1Þ5f 02;15f
0ðu2Þ:
(5) For any u15u2; Gðu1Þ is on the tangent line of GSðu; u2Þ at the
point GSðu2; u1Þ and Gðu2Þ is on the tangent line of GSðu; u1Þ at the point
GSðu2; u1Þ:
Proof.
dZGS
dx
¼
dg0u;u1
du
df 0u;u1
du
¼
g0ðuÞ  g0u;u1
f 0ðuÞ  f 0u;u1
,
; ð2:8Þ
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dx2
¼
d
du
g0ðuÞ  g0u;u1
f 0ðuÞ  f 0u;u1
 !
du
dx
¼
f 00ðuÞ
ðf 0ðuÞ  f 0u;u1Þ
2
g00ðuÞ
f 00ðuÞ

g0ðuÞ  g0u;u1
f 0ðuÞ  f 0u;u1
 !
ðu u1Þ: ð2:9Þ
(1) Under condition (H), we have
ðf 0ðuÞ  f 0u;u1Þðu u1Þ > 0; ð2:10Þ
and when u150; there exists a *u ¼ *uðu1Þ > 0 satisfying g0ð *uÞ ¼ g0*u;u1 ; such that
g0ðuÞ  g0u;u1
> 0; u > *u;
50; u15u5 *u;
> 0; u5u1;
8><
>: ð2:11Þ
when u1 ¼ 0; there exists a *u ¼ *uðu1Þ ¼ 0; such that
g0ðuÞ  g0u;u1
> 0; u > 0;
50; u50;
(
ð2:12Þ
when u1 > 0; there exists *u ¼ *uðu1Þ50 satisfying g0ð *uÞ ¼ g0*u;u1 ; such that
g0ðuÞ  g0u;u1
> 0; u > u1;
50; *u5u5u1;
> 0; u5 *u:
8><
>: ð2:13Þ
Therefore,
dZGS
dx
> 0; x > f 0ð *uÞ
¼ 0; x ¼ f 0ð *uÞ
50; x5f 0ð *uÞ
ðu=u1Þ
8><
>:
and
lim
u!u1
dZGS
dx
¼ lim
u!u1
g0ðuÞ  g0u;u1
f 0ðuÞ  f 0u;u1
¼
g00ðu1Þ
f 00ðu1Þ
> 0; u1 > 0;
¼ 0; u1 ¼ 0;
50; u150:
8><
>:
So, Z ¼ ZGS ðxÞ is tangential to Z ¼ ZGðxÞ at the point Gðu1Þ ¼ ðf
0ðu1Þ; g0ðu1ÞÞ:
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H ðu; u1Þ ¼
g00ðuÞ
f 00ðuÞ
½f 0ðuÞðu u1Þ  ðf ðuÞ  f ðu1ÞÞ
 ½g0ðuÞðu u1Þ  ðgðuÞ  gðu1ÞÞ ð2:14Þ
then, from (2.9) and (2.10), we have
signH ðu; u1Þðu u1Þ ¼ sign
d2ZGS
dx2
:
Because of H ðu1; u1Þ ¼ 0 and
@
@u
H ðu; u1Þ ¼
g00ðuÞ
f 00ðuÞ
 0
½f 0ðuÞðu u1Þ  ðf ðuÞ  f ðu1ÞÞ
þ
g00ðuÞ
f 00ðuÞ
f 00ðuÞðu u1Þ  g00ðuÞðu u1Þ
¼
g00ðuÞ
f 00ðuÞ
 0
ðf 0ðuÞ  f 0u; u1Þðu u1Þ > 0; ð2:15Þ
we have
H ðu; u1Þðu u1Þ > 0; u=u1:
Furthermore, we have
d2ZGS
dx2

u¼u1
¼ lim
u!u1
f 00ðuÞ
ðf 0ðuÞ  f 0u;u1Þ
2
g00ðuÞ
f 00ðuÞ

g0ðuÞ  g0u;u1
f 0ðuÞ  f 0u;u1
 !
ðu u1Þ
¼ lim
u!u1
f 00ðuÞðu u1Þ
3
ðf 0ðuÞ  f 0u;u1 Þ
3
g00ðuÞ
f 00ðuÞðf
0ðuÞ  f 0u;u1Þ  ðg
0ðuÞ  g0u;u1Þ
ðu u1Þ
2
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u!u1
ðu u1Þ
2
f 0ðuÞðu u1Þ  ðf ðuÞ  f ðu1ÞÞ
 3
 lim
u!u1
g00ðuÞ
f 00ðuÞ½f
0ðuÞðuu1Þðf ðuÞf ðu1ÞÞ ½g0ðuÞðuu1ÞðgðuÞgðu1ÞÞ
ðu u1Þ
3
¼ f 00ðu1Þ
2
f 00ðu1Þ
 3
lim
u!u1
g00ðuÞ
f 00ðuÞ
 0
½f 0ðuÞðu u1Þ  ðf ðuÞ  f ðu1ÞÞ
3ðu u1Þ
2
¼
4
3
1
f 00ðu1Þ
g00ðuÞ
f 00ðuÞ
 0
u¼u1
> 0: ð2:16Þ
(3) From (2.16), we have
d2ZG
dx2

d2ZGS
dx2
 
u¼u1
¼ 
1
3
1
f 00ðuÞ
g00ðuÞ
f 00ðuÞ
 0
u¼u1
50;
which, combining with the result in (1) that GSðu; u1Þ is tangential to GðuÞ at
the point Gðu1Þ ¼ ðf 0ðu1Þ; g0ðu1ÞÞ; implies that ZGS ðxÞ > ZGðxÞ in a neighbor-
hood of x ¼ f 0ðu1Þ (except x1 ¼ f 0ðu1ÞÞ:
We can claim that ZGS ðxÞ > ZGðxÞ for all x 2 R: In fact, if not, then there
exists a x2 ¼ f 0ðu2Þ (without loss of generality, suppose x2 > x1), such that
ZGS ðx2Þ ¼ ZGðx2Þ: Then we have
f 0ðu2Þ ¼ f 0#u2;u1 ; g
0ðu2Þ ¼ g0#u2;u1 ; ð2:17Þ
where #u2 is the parameter on GSðu; u1Þ corresponding to the intersection
point ðx2; ZGðx2ÞÞ: It implies that u15u25 #u2 from f
00ðuÞ > 0:
On the other hand, we have, at x ¼ x2;
dZGS
dx
4
dZG
dx
; i.e.,
g0ð #u2Þ  g0#u2;u1
f 0ð #u2Þ  f 0#u2;u1
4
g00ðu2Þ
f 00ðu2Þ
: ð2:18Þ
From (2.17) and (2.18), we get
g0ð #u2Þ  g0ðu2Þ
f 0ð #u2Þ  f 0ðu2Þ
4
g00ðu2Þ
f 00ðu2Þ
:
WANCHENG SHENG248By the Cauchy Mean-Value Theorem, there exists a %u 2 ðu2; #u2Þ; such that
g00ð %uÞ
f 00ð %uÞ
4
g00ðu2Þ
f 00ðu2Þ
which contradicts g
00ðuÞ
f 00ðuÞ
 0
> 0:
(4) Properties (1) and (2) of GSðu; u1Þ show that there exists a one-to-
one correspondence between GSðu; u1Þ and the u-axis, and the value of u is
carried by a characteristic line on the side of S: It implies this result.
(5) It follows from the fact that
dZGS ðu;uiÞ
dx

GS ðu2;u1Þ
¼
g0ðuiÞ  g0u2;u1
f 0ðuiÞ  f 0u2;u1
; i ¼ 1; 2: ]
In the following, without loss of generality, we set u5uþ:
The Rankine–Hugoniot condition (2.6) and an entropy condition are
needed to obtain the unique piecewise smooth solution. According to
Kruzkov’s existence and uniqueness theorem, the entropy condition [1, 7]
should be
H ðkÞ  H ðuÞ
k  u
5
H ðuþÞ  H ðuÞ
uþ  u
; 8k 2 ðu; uþÞ; ð2:19Þ
where H ðuÞ ¼ mf ðuÞ þ ngðuÞ; and~nðP Þ ¼ ðm; nÞ ðm2 þ n2 ¼ 1Þ is a normal of S
at point P and orients from u to uþ: We can also rewrite the Rankine–
Hugoniot condition (2.6) and the entropy condition (2.19) in geometric
forms:
n
!
ðP Þ  PGSðuþ; uÞ
!
¼ 0; ð2:20Þ
n
!
ðP Þ  GSðu; uÞGSðuþ; uÞ
!
40; 8u 2 ðu; uþÞ; ð2:21Þ
or
n
!
ðP Þ  GSðu; uþÞGSðuþ; uÞ
!
50; 8u 2 ðu; uþÞ: ð2:210Þ
Relations (2.20)–(2.210) mean that the segment PGSðuþ; uÞ is the tangent
line of the discontinuity S at point P ; the angle between the vector n!ðP Þ and
the vector GSðu; uÞGSðuþ; uÞ
!
is obtuse for all u 2 ðu; uþÞ; and the angle
between the vector n!ðP Þ and the vector GSðu; uþÞGSðuþ; uÞ
!
is acute for all
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must be a half-contact discontinuity.
The discontinuity line S : Z ¼ ZðxÞ is called a shock wave (including
contact discontinuity, denoted by J ), if it satisﬁes the Rankine–Hugoniot
condition (2.6) and the entropy condition (2.19). So we have the following
geometric criterion.
Lemma 2.3. Under condition (H), a discontinuity connecting u1 and u2 is a
shock if and only if
(1) the direction of the discontinuity points to the point GSðu1; u2Þ;
(2) all characteristic lines from the both side of the discontinuity are not
outgoing.
Finally, we can classify a rarefaction wave and a shock wave into two
subcases, respectively:
R ¼ R; if rx;Zu and the direction of the characteristic line form a left-
hand (right-hand) system;
S ¼ S; if the normal vector and the tangent vector S form a right-
hand (left-hand) system. When it contains contact discontinuity, the
shocks are denoted by JS or SJ:
The waves R; S are called the elementary waves.
2.3. Classification of Initial Discontinuities
Let l be an initial discontinuity line which projects a wave, R or S denoted
by W ; in the neighborhood of the inﬁnity in the ðx; ZÞ-plane when we solve
the boundary value problem (1.4) for system (1.3), with u‘ðurÞ as the limit of
u on the left (right) side of l; along the direction of l from the inﬁnity. From
the deﬁnitions of R; S; J; and their properties in Lemmas 2.1 and 2.2,
we can classify the initial discontinuities as follows.
(1) u‘505ur: In this case, the ðx; ZÞ-plane can be divided into four
angle domains Oiðu‘; urÞ (also denoted by Oi for simplicity) with angles ai
ði ¼ 1; . . . ; 4Þ; satisfying
P4
i¼1 ai ¼ 2p; and Oi takes the rays li and liþ1 as its
boundary ðl5 ¼ l1Þ; where l1 is parallel to the line l01 which is tangential to
GSðu; u‘Þ at the point GSður; u‘Þ passing through GðurÞ; l2 is parallel to the line
l02 which is tangential to GSðu; urÞ at the point GSður; u‘Þ passing through
Gðu‘Þ; l3 and l4 are parallel to the lines l03 and l
0
4 which are tangential to GðuÞ
at the points GðurÞ and Gðu‘Þ; respectively (see Fig. 3). In the following, we
still denote the domain between l0i and l
0
iþ1 as Oiðu‘; urÞ ði ¼ 1; . . . ; 4; l
0
5 ¼ l
0
1Þ
in the case of no diffusion.
Since the wave W projects with the same angle as that of the
corresponding initial discontinuity, we deduce that the initial discontinuity
FIG. 3.
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W ¼
Sþlr ; if l 2 O1;
Rl* þ JS
þ
* r
; if l 2 O2;
Rlr; if l 2 O3;
SJþl* þ R

* r
; if l 2 O4;
8>><
>>>:
ð2:22Þ
where * represents u
n 2 ðu‘; urÞ satisfying
dZGS ðu;uiÞ
dx

u¼un
¼
g0ðunÞ  g0un ;ui
f 0ðunÞ  f 0un;ui
; i ¼ ‘; r;
in O2 or O4; respectively.
(2) u‘ > 0 > ur: It is similar to the above case, but l1 and l2 are parallel
to the tangent lines l01 and l
0
2 of GðuÞ at the points Gðu‘Þ and GðurÞ;
respectively, and l3 is parallel to the line l03 which is tangential to GSðu; u‘Þ at
the point GSðu‘; urÞ and l4 is parallel to the line l04 which is tangential to
GSðu; urÞ at the point GSðu‘; urÞ: And the result is as follows:
W ¼
Rþlr; if l 2 O1;
Rþl* þ JS

* r
; if l 2 O2;
Slr ; if l 2 O3;
SJl* þ R
þ
* r
; if l 2 O4;
8>>><
>>:
ð2:23Þ
where un is same as in case (1) (see Fig. 4).
(3) u‘; ur50 or u‘; ur40: In these two cases, system (1.1) satisﬁes
assumption (A), and they have been discussed in [2, 7, 10, 11], we omit them.
FIG. 4.
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In this section, using the geometric criterion in Lemma 2.3 and the
classiﬁcation of initial discontinuities (2.22) and (2.23), we solve the
Riemann problem (1.1) with the Riemann data being two or three pieces
of constant states, which include the interaction of elementary waves of it.
3.1. Two Pieces of Constant States
Let the Riemann data be two pieces of constant states, and the initial
plane is divided into two parts by two rays from the origin, that is
u0ðyÞ ¼
u1; y 2 ðy1; y2Þ;
u2; y 2 ½0; 2p=½y1; y2;
04y15y242p;
(
where u1; u2 are constants. We need to only consider the case u2505u1: The
case u2 > 0 > u1 is in the similar way. Other cases u1; u250 and u1; u240
have been discussed in [2, 7, 10, 11], we omit them.
From the above results in Section 2, there are 16 subcases according to the
directions of initial discontinuity lines. We will give the structures of their
solutions in the next.
(1) Rþ12 þ R

21; and S
þ
21 þ S

12: These are the two simplest cases, in which
Rþ12 and R

21 match together on the singularity curve of characteristics GðuÞ
and Sþ21 and S

12 end at the point Gðu1; u2Þ ¼ ðf
0
12; g
0
12Þ:
(2) Basic case A: Sþ21 þ R
þ
12: For simplicity, we assume that the initial
discontinuities are as in Fig. 5, then a shock wave and a rarefaction wave:
Sþ12 : Z ¼ g
0
21 þ kðx f
0
12Þ; R
þ
21 : x ¼ f
0ðuÞ ðu24u4u1Þ;
separating the constants u1 and u2; come from inﬁnity, where k is a constant.
These two waves begin to interact at the point P ¼ ðf 0ðu2Þ; g021 þ kðf
0ðu2Þ 
f 021ÞÞ; and then the shock will penetrate the rarefaction wave to form a new
FIG. 5.
WANCHENG SHENG252discontinuity Z ¼ ZSðxÞ; which satisﬁes the Rankine–Hugoniot condition
starting from the point P ;
dZS
dx
¼
Z g0u;u1
x f 0u;u1
; x ¼ f 0ðuÞ; ðu24u4u1Þ;
ZS jx¼f 0ðu2Þ ¼ g
0
21 þ kðf
0ðu2Þ  f 012Þ:
8><
>: ð3:1Þ
Then the integral curve of (3.1) takes a parametric form with u as a
parameter,
x ¼ f 0ðuÞ; u24u4u1;
Z ¼ ZSðuÞ
¼
R u
u2
exp
R s
u aðl; u1Þ dl
 
g0s;u1aðs; u1Þ ds
þ ðg021 þ kðf
0ðu2Þ  f 012ÞÞ exp 
R u
u2
aðs; u1Þ ds
 
;
8>>>><
>>>>:
ð3:2Þ
where
aðu; u1Þ ¼
f 00ðuÞ
f 0u;u1  f
0ðuÞ
: ð3:3Þ
Similar to the proof in [11], it can be easily obtained that the integral curve
has a minimal point at u ¼ u0 determined by ZSðu0Þ ¼ g
0
u0;u1 ; and it is
monotonically decreasing when u4u0; and monotonically increasing when
u5u0; and it is always above the singularity curve of characteristics GðuÞ and
ends at the point Gðu1Þ ¼ ðf 0ðu1Þ; g0ðu1ÞÞ with the same slope, that is ZSðuÞ >
g0ðuÞ ðu25u5u1Þ and ZSðu1Þ ¼ g
0ðu1Þ:
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always points to the singularity curve of discontinuities GSðu; u1Þ ðu24u4
u1Þ; and
d2ZS
dx2
¼
1
u u1
1
f 00ðuÞ
Z g0ðuÞ
x f 0u;u1
> 0: ð3:4Þ
Therefore, the integral curve of (3.1) is convex.
Furthermore, it can be easily seen that all characteristic lines on both sides
of this curve are incoming except at the point Gðu1Þ where the characteristic
line from the state u ¼ u1 is tangential to this discontinuity, that is, the
discontinuity vanishes. Thus the discontinuity Z ¼ ZSðuÞ is an admissible
shock (see Fig. 5).
(3) Basic case B: R21 þ S

12: For simplicity, we assume that the initial
discontinuities are as in Fig. 6, then a rarefaction wave and a shock wave:
R21 : x ¼ f
0ðuÞ ðu24u4u1Þ; S12: Z ¼ g
0
21 þ kðx f
0
21Þ;
separating the constants u1 and u2; come from inﬁnity, where k is a constant.
These two waves begin to interact at the point P1 ¼ ðf 0ðu1Þ; g021 þ kðf
0ðu1Þ 
f 021ÞÞ; and form a new discontinuity Z ¼ ZSðxÞ: Similar to [1, 7, 11], we can
obtain that the shock ﬁrst penetrates the rarefaction wave R%uu1 ðu25 %u4u1Þ
and then an envelope rarefaction wave forms starting from the point
P2 ðx ¼ f 0ð %uÞÞ: This envelope rarefaction wave connects the rarefaction wave
R*u %u ðu25 *u4 %uÞ with a new half-contact discontinuity, which is monotoni-
cally decreasing and concave and contacts from the above and tangentially
ending at a point P3 ðx ¼ f 0ð *uÞÞ to GðuÞ; and connects the rarefaction
wave Ru2 *u on GðuÞ from above (see Fig. 6), where %u ¼ %uðu1; u2Þ and *u ¼
*uðu1; u2Þ:
(4) Other cases. By using the different combination of the results in the
above cases, the results of other 12 cases can be easily obtained:
Sþ21 þ SJ

1*
þ Rþ
*2
;
Sþ21 þ R
þ
1*
þ JS
*2
;
(
R21 þ R
þ
1*
þ JS
*2
;
R21 þ SJ

1*
þ Rþ
*2
;
(
R2* þ JS
þ
*1
þ Rþ12;
R2* þ JS
þ
*1
þ Rþ1* þ JS

* 2
;
R2* þ JS
þ
*1
þ S12;
R2* þ JS
þ
*1
þ SJ1* þ R
þ
* 2
;
8>>><
>>>:
SJ2* þ R

*1
þ Rþ12;
SJ2* þ R

*1
þ Rþ1* þ JS

*2
;
SJ2* þ R

*1
þ S12;
SJ2* þ R

*1
þ SJ1* þ R
þ
*2
:
8>>><
>>>:
We omit them due to the limited space of the paper.
FIG. 6.
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Let the Riemann data be three pieces of constant states, and the initial
plane is divided into three parts by three rays from the origin, that is
u0ðyÞ ¼ ui; y 2 ðyi; yiþ1Þ; 14i43;
where 04yi5yiþ142p; y1 ¼ y4; and ui ð14i43Þ are constants. According
to combinations of the three initial discontinuities, solutions of the Riemann
problem take different forms, but most of them can be easily constructed by
the interactions of two elementary waves, as shown in the above, using the
generalized characteristic analysis method. We only give the results of the
case 2S þ Sþ and the most interesting one 2Sþ þ S; in which the solution
will contain the Guckenheimer structure.
1. Sþ12 þ S

23 þ S

31: This case occurs when u15u35u2: The shocks S
þ
12 2
O1ðu1; u2Þ; S23 2 O3ðu2; u3Þ; S

31 2 O1ðu3; u1Þ come from the inﬁnity along the
direction of initial discontinuities. The shocks S23 and S

31 begin to interact
ﬁrstly at their intersect point, which is below the point GSðu1; u2Þ due to S23 is
below the singularity curve of the discontinuities GSðu; u2Þ; and then a new
shock S21 is formed and ends together with the shock S
þ
12 at the point
GSðu1; u2Þ ¼ A12 (see Fig. 7).
2. Sþ12 þ S

23 þ S
þ
31: This case occurs when u35u15u2: Without loss of
generality, we assume u35u15u2; see Fig. 8. Join up two points Ai and
Aij ði=jÞ; we get a line denoted by lij; which is tangential to the curve
GSðu; ujÞ at the point Aij: In this case, the shocks Sþ12 2 O1ðu1; u2Þ; S

23 2
O3ðu2; u3Þ; and Sþ31 2 O3ðu3; u1Þ come from inﬁnity along the direction
of initial discontinuities. The interactions depend on the directions
of the three initial discontinuous lines except for the values of u in each
fan. These shocks will interact according to the position of their intersection
points. We will discuss them in the next and give a property of these curves
ﬁrstly.
FIG. 7.
FIG. 8.
TWO-DIMENSIONAL RIEMANN PROBLEM 255Lemma 3.1. The three points A31; A23 and A12 are on the same line (see
Fig. 8).
Proof. Because of A31 ¼ ðf 031; g
0
31Þ; A23 ¼ ðf
0
23; g
0
23Þ and A12 ¼ ðf
0
12; g
0
12Þ;
this property is equivalent to
g013  g
0
12
f 013  f
0
12

g023  g
0
12
f 023  f
0
12
¼ 0:
By simple calculation, we can easily obtain this result. ]
(1) Simple interaction.
Case 1.1. The intersection point B of the shocks Sþ12 and S
þ
31 is in the
domain D1 ¼ fðx; ZÞjðx; ZÞ is above l32; l23; l31 and l21g:
From Lemma 3.1, we obtain that, in this region, the two shocks Sþ12 and
Sþ31 begin to interact at the point B; and then a new shock S
þ
23 2 O1ðu2; u3Þ is
FIG. 9.
FIG. 10.
WANCHENG SHENG256formed, points to the singularity point A23 ¼ GSðu2; u3Þ and ends at it, see
Fig. 9.
Case 1.2. The intersection point B of the shocks S23 and S
þ
31 is in the
domain D2 ¼ fðx; ZÞjðx; ZÞ is between l32 and l13; and below l21g:
The two shocks S23 and S
þ
31 begin to interact at the point B; and then a
new shock S12 2 O3ðu1; u2Þ is formed, points to the singularity point A12 ¼
GSðu1; u2Þ and ends at it, see Fig. 10.
Case 1.3. The intersection point B of the shocks Sþ12 and S

23 is in the
domain D3 ¼ fðx; ZÞjðx; ZÞ is below l23 and l31 and above l12g:
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
23 begin to interact at the point B; and then a
new shock S13 2 O3ðu1; u2Þ is formed, and points to the singularity point
A31 ¼ GSðu1; u3Þ and ends at it, see Fig. 11.
Case 1.4. The unique intersection point B of the three shocks Sþ12; S

23 and
Sþ31 is in the intersection domain D4 ¼ O1ðu1; u2Þ \ O3ðu2; u3Þ \ O1ðu3; u1Þ;
that is the domain bounded by the lines l23; l32; l12 and l13:
The three shocks begin to interact and end at the point B; see Fig. 12.
(2) The Guckenheimer interaction. We call the rest interactions of the
three shocks Guckenheimer ones. In these cases, the intersection points ofFIG. 11.
FIG. 12.
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A3A32 and above l21; l13 and l31g except for the simple interaction Case
1.4.
Case 2.1. The intersection point of the shocks Sþ12 and S
þ
31 is in the triangle
domain 4A2A23A12 (see Fig. 8) or the intersection point of the shocks S23 and
Sþ31 is below the shock S
þ
12: We consider them in the following two subcases.
Case 2.1.1. The intersection point P ¼ ðxP ; ZP Þ of the shocks S
þ
23 and S
þ
31 is
below the curve GSðu; u1Þ:
At the point P ; a new centered rarefaction wave Rþ2* :
Z ¼ g0ðuÞ þ
ZP  g
0ðuÞ
xP  f 0ðuÞ
ðx f 0ðuÞÞ ðu14un4u4u2Þ ð3:5Þ
joined with a new contact discontinuity JS
* 1
: Z ¼ ZJSðxÞ are formed, which
is satisﬁed
dZJS
dx
¼
ZP  g
0
* 1
xP  f 0
*1
; ð3:6Þ
where * denotes u
n: Equation (3.6) means JS
*1
is tangential to the curve
GSðu; u1Þ at the point Bn ¼ ðf 0un;u1 ; g
0
un ;u1 Þ: The shock S
þ
12 begins to interact
with the rarefaction wave Rþ2 * at the ﬁrst intersection point B of them, and
then, a new shock Sþu1u : Z ¼ ZSþðxÞ is formed, satisfying
dZSþ
dx
¼
Z g0u;u1
x f 0u;u1
;
Z ¼ g0ðuÞ þ
ZP  g
0ðuÞ
xP  f 0ðuÞ
ðx f 0ðuÞÞ ðu14un4u4u2Þ;
ZSþðxBÞ ¼ ZB:
8>>><
>>>:
ð3:7Þ
From the convexity of the curve GSðu; u1Þ; we obtain that this new shock Sþu1u
is convex, and penetrates Rþ2* and ends tangentially at the point B
n to the
curve GSðu; u1Þ (see Fig. 13).
Case 2.1.2. The rest subcase.
In this case, there exists a point P on the shock Sþ23; which is above the
curve GSðu; u1Þ; such that from the point P ; a new centered rarefaction wave
Rþ2* is formed, which satisﬁes (3.5) and joints with a new contact
discontinuity JSþ
*3
: Z ¼ ZJSþðxÞ satisfying
dZJSþ
dx
¼
ZP  g
0
* 3
xP  f 0
*3
; ð3:8Þ
FIG. 13.
FIG. 14.
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*3
is tangential to the curve GSðu; u3Þ at a
point ðx; ZÞ ¼ ðf 0un ;u3 ; g
0
un ;u3 Þ: It is similar to Case 2.1.1 that the shock S
þ
12
begins to interact with the rarefaction wave Rþ2* at the ﬁrst intersection point
B of them, and then, a new shock Sþu;u1 : Z ¼ ZSþðxÞ satisfying (3.7) is formed,
and also convex, and penetrates Rþ2* : This shock must end at the point B1; at
which the shock Sþ31 ends. Thus we conclude that the point P is unique (see
Fig. 14).
Case 2.2. The intersection point of the shocks Sþ12 and S
þ
31 is in the triangle
domain 4A3A31A23 (see Fig. 8) or the intersection point of the shocks Sþ12 and
S23 is below the shock S
þ
13:
FIG. 15.
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centered rarefaction wave Rþ3* satisﬁes
Z ¼ g0ðuÞ þ
ZP  g
0ðuÞ
xP  f 0ðuÞ
ðx f 0ðuÞÞ; ðu34u4un4u1Þ; ð3:9Þ
the new contact discontinuity JSþ
*2
: Z ¼ ZJSþðxÞ satisﬁes
dZJSþ
dx
¼
ZP  g
0
* 2
xP  f 0
*2
; ð3:10Þ
and the new shock Sþu1u: Z ¼ ZSþðxÞ is solved by the following equations:
dZSþ
dx
¼
Z g0u;u1
x f 0u;u1
;
Z ¼ g0ðuÞ þ
ZP  g
0ðuÞ
xP  f 0ðuÞ
ðx f 0ðuÞÞ ðu34u4un4u1Þ;
ZSþðxBÞ ¼ ZB:
8>>><
>>>:
ð3:11Þ
Up to now, all the Riemann solutions, where the Riemann data are two or
three pieces of constants, are constructed.
Remark 3.1. (1) Case 1.4 is a critical one between Cases 2.1.2 and 2.2.
(2) The case that the intersection point of the shocks is on the segment
A2A23 is a critical one between Cases 1.1 and 2.1.2.
(3) The case that the intersection point of the shocks is on the segment
A3A23 is a critical one between Cases 1.1 and 2.2.
TWO-DIMENSIONAL RIEMANN PROBLEM 261Remark 3.2. Cases 1.3, 1.4 and 2.2 do not appear in [10].
Remark 3.3. Condition (H) is satisﬁed, when f ðuÞ ¼ 1
2
u2; gðuÞ ¼ 1
3
u3: So
Guckenheimer’s solutions in [4] are included in the above results.
At last, we give a necessary and sufﬁcient condition of appearance of the
Guckenheimer structure.
Theorem 3.2. For Riemann’s problem (1.1) and (1.2) with Riemann’s
data taking three pieces constant states under condition (H), the Guckenheimer
structure appears in its solution if and only if
(1) the initial discontinuities emit two Sþ and one S;
(2) the solution cannot be obtained by the simple interactions of the three
shocks, that is, the interaction must be a Guckenheimer one.
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